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Abstract—Large sparse second order index-1 descriptor sys-
tems arise in various disciplines of science and engineering, such
as constraint mechanics or multibody dynamics, mechatronics
(where mechanical and electrical elements are coupled), but also
RLC circuit design. Simulation, controller design and design
optimization are only some applications of such models. Either
of these tasks, just like any other many-query situation becomes
unfeasible when the system is high dimensional. This paper
discusses an algorithm to obtain a reduced state space model
of a large sparse second order index-1 system using an interpo-
latory projection method based on the iterative rational Krylov
algorithm (IRKA). In each iteration of this algorithm, we need to
solve a number of linear systems. The main contribution of this
paper is to solve these linear systems by exploiting the sparsity
of the original model, which reduces the computational cost
drastically. The algorithm is applied to a micro-mechanical piezo-
actuated structural FEM model of a certain building block of a
machine tool. Numerical experiments with a complex 3d model
of an adaptive spindle support (a piezo-mechanical multiphysics
system) show the effectivity and efficiency of the techniques.

Index Terms—second order index-1 systems, sparsity, model
reduction, interpolatory projections.

I. INTRODUCTION

The model that we consider throughout this paper has the
following form:

Mz̈(t) +Dż(t) +Kz(t) = Hu(t),
y(t) = Lz(t). (1)

Here, z(t) =

[
z1(t)
z2(t)

]
∈ Rn, with z1 ∈ Rn1 , z2 ∈ Rn2 and

n1 +n2 = n, is the state, u(t) ∈ Rp is the control input to the
system, and y(t) ∈ Rm is the measured output. In the system,
the block-matrices

M =

[
M1 0
0 0

]
, D =

[
D1 0
0 0

]
, K =

[
K11 K12

K21 K22

]
,

are considered sparse, i.e., only few entries per row and
column of M1, D1 and Kij (i, j ∈ {1, 2}) are non zero.
In mechanical applications, these matrices represent the mass,
damping and stiffness matrices, respectively, while in electrical
engineering they stand for the conductance, capacitance and
susceptance. The matrix H =

[
HT

1 HT
2

]T ∈ Rn×p repre-
sents the input and L =

[
L1 L2

]
∈ Rm×n is the output

matrix. Such structured dynamical systems are prototypical
for applications in many disciplines in science and engineer-
ing, e.g., mechanical and electrical engineering, multibody
dynamics and mechatronics. The models are used for varying

applications, such as controller design, simulation or design
optimization. In either case, most of the experimentation tools
are designed for standard (generalized) state space systems,
while (1) is a differential-algebraic system. When K22 is
invertible, (1) can, theoretically, be written as an ordinary
differential equation (ODE) system:

Mz̈1(t) +Dż1(t) +Kz1(t) = Hu(t),
y(t) = Lz1(t) +Dsu(t),

(2)

where

M = M1, D = D1, K = K11 −K12K
−1
22 K21,

H = H1 −K12K
−1
22 H2, L = L1 − L2K

−1
22 K12,

Ds = L2K
−1
22 H2.

Note that this representation is theoretically feasible whenever
the block matrix K22 is nonsingular, but should nonetheless
never be formed in practice, since the resulting K is usually
a dense matrix, hindering fast evaluation of the system and
often inhibiting its storage even on modern computers.

Considering x(t) =

[
ż(t)
z(t)

]
, this system can be rewritten in

first order form

Eẋ(t) = Ax(t) +Bu(t), y(t) = Cx(t) +Dau(t), (3)

with

E =

[
0 F
M D

]
, A =

[
F 0
0 −K

]
, B =

[
0
H

]
,

C =
[
0 L

]
, and Da = Ds,

(4)

where F is an arbitrary nonsingular matrix with the same
dimensions as M . For simplicity, F is usually considered to
be the identity matrix (I). If M , D and K are symmetric it
is, however, beneficial to consider F = M , since then also E
and A are symmetric.

In case the system (3) is very large, the applications men-
tioned above become challenging, because a large-scale model
does not only lead to a high computational cost, but also to
comparably large memory requirements. Therefore, we aim to
apply model order reduction (MOR) to the system (3) in order
to convert it to a significantly lower dimensional model:

Ê ˙̂x(t) = Âx̂(t) + B̂u(t), ŷ(t) = Ĉx̂(t) +Dau(t), (5)

with Ê, Â ∈ R`×`, B̂ ∈ R`×p and Ĉ ∈ Rm×`, that can than
cheaply be used in any many query context. The quality of the
reduced order model (ROM) is measured by the difference of



the two outputs y and ŷ for the same input u, which can, in
frequency domain, also be expressed in terms of the transfer
function error

‖G(.)− Ĝ(.)‖. (6)

Here, G(s) = C(sE − A)−1B + Da and Ĝ(s) = Ĉ(sÊ −
Â)−1B̂ + Da, (for s ∈ C−) are the transfer functions
of (3) and (5), respectively. Common choices for the error
norm are the H∞- or H2-norms (see, e.g., [1]). Recently,
two prominent model reduction methods, namely, balanced
truncation (BT) and interpolatory projection based on the
iterative rational Krylov algorithm (IRKA) have successfully
been used for MOR of large-scale dynamical systems. Both of
them have advantages and disadvantages. While BT preserves
the stability of the system and has an a-priori error bound, its
main disadvantage is the requirement to solve two Lyapunov
equations, which is computationally expensive. On the other
hand, although IRKA does not feature any error bound, the
method can computationally be much cheaper if the iteration
converges quickly. In the single-input, single-output (SISO)
case the method achieves moment matching without explicitly
computing moments and produces (locally) optimal approxi-
mations in the H2-norm upon convergence.

An efficient balancing based method for the model reduction
of the system (1) was proposed in [2] and an improved
formulation for systems with collocated inputs and outputs and
symmetric coefficient matrices was introduced in [3]. Note that
the approaches there perform even structure preserving MOR,
i.e., reduce the original model to a second order model.

In this paper we contribute to finding a reduced state space
system of the form (5) for the second order index-1 system
(1) using IRKA as discussed in [4] applied to (3), but without
ever forming (3) explicitly. Following the ideas in [5], [6], we
show how, in the implementation, the formulation of (3) is only
used implicitly and thus one can work on the original sparse
model (1) matrices. The proposed techniques are applied to
a piezo-actuated structural finite element model of a building
block of a parallel kinematic machine tool, namely an adaptive
spindle support. Numerical results illustrate the effectivity and
efficiency of this technique.

II. IRKA FOR GENERALIZED SYSTEMS

In order to generalize the model reduction of our descriptor
system (1) via interpolatory methods, in this section we briefly
discuss the method for the generalized system

E ẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t) +Dau(t), (7)

in which E ∈ Rk×k is non-singular, and A ∈ Rk×k, B ∈
Rk×p, C ∈ Rm×k and Da ∈ Rm×p. From this, to obtain the
reduced model

Ê ˙̂x(t) = Âx̂(t) + B̂u(t), ŷ(t) = Ĉx̂(t) +Dau(t), (8)

general moment-matching methods construct the left and right
transformation matrices W and V , respectively, where the
reduced matrices are constructed as:

Ê := WTEV, Â :=WTAV,
B̂ := WTB, Ĉ := CV, D̂a := Da.

(9)

The reduced model satisfies

G(j)(αi) = Ĝ
(j)

(αi),

C[(αiE − A)−1E ]j(αiE − A)−1B :=

Ĉ[(αiÊ − Â)−1Ê ]j(αiÊ − Â)−1B̂,

(10)

for j = 0, 1, · · · , q, where C[−(αiE −A)−1E ]j(αiE −A)−1B
is called the j-th moment of G(.), and represents the j-th
derivative of G(.) evaluated at the interpolation point αi. In this
paper, we restrict ourselves to simple Hermite interpolation,
where j = 0 and j = 1. In the following, we discuss how to
construct W and V minimizing the approximation error.

In [4] the authors state that considering two sets of distinct
interpolation points, {αi}`i=1 ⊂ C and {βi}`i=1 ⊂ C, if we
construct V and W such that

range (V ) = span
{
(α1E − A)−1B, · · · , (αrE − A)−1B

}
, (11a)

range (W ) = span
{
(β1ET −AT )−1CT , · · · , (βrET −AT )−1CT

}
,

(11b)

then the ROM satisfies the interpolation conditions

G(αi) = Ĝ(αi), G(βi) = Ĝ(βi), and

G′(αi) = Ĝ′(αi) when αi = βi,

for i = 1, · · · , `. The subspace in (11a), that is, the span of
the column vectors (αiE − A)−1B for i = 1, · · · , `, can be
considered as the union of shifted rational Krylov subspaces.
For a given shift frequency α ∈ C, the rational Krylov
subspace Kq((αE − A)−1, (αE − A)−1B) is defined as

Kq((αE − A)−1, (αE − A)−1B) :=

span
{

(αE − A)−1B, · · · , (αE − A)−qB
}
.

If q = 1 for each αi, i = 1, · · · , `, then the union of such
shifted rational Krylov subspaces is equivalent to the subspace
in (11a). Analogously, the subspace in (11b) can also be
defined as the union of shifted rational Krylov subspaces. To
summarize, rational Krylov based model reduction requires a
suitable choice of interpolation points, the construction of V
and W as in (11), and the use of Petrov-Galerkin conditions.

The quality of the reduced model is highly dependent on the
choice of interpolation points and therefore various techniques
[7] have been developed for the selection of interpolation
points. In [4], the issue of finding a good set of interpolation
points is linked to the problem ofH2-optimal model reduction.

Definition II.1. A ROM (8) is called H2-optimal if it satisfies

‖G‖H2 = min
dim Ĝ=r

‖G− Ĝ‖H2 . (12)

To this end, IRKA is proposed in [4]. Upon convergence, it
identifies a choice of interpolation points that guarantees the
H2-optimality conditions for the reduced system. Starting from
an initial set of interpolation points, the IRKA iteration updates
the interpolation points until they converge to fixed values.
Until now we have considered that (7) is a SISO system. A
complete procedure of IRKA for a SISO system is given in
[4, Algorithm 4.1].

For model reduction of multi-input, multi-output (MIMO)
dynamical systems, rational tangential interpolation has been
developed by Gallivan et al. [8]. The problem of rational
tangential interpolation is to construct V and W such that
the reduced transfer function Ĝ(s) tangentially interpolates
the original transfer function G(s) at a predefined set of



Algorithm 1: Tangential IRKA for MIMO systems.
Input : E ,A,B, C,Da.
Output: Ê , Â, B̂, Ĉ, D̂a := Da.

1 Make an initial selection of the interpolation points
{αi}ri=1 and the tangential directions {bi}ri=1 and
{ci}ri=1.

2 V =
[
(α1E − A)−1Bb1, · · · , (αrE − A)−1Bbr

]
,

W =
[
(α1E − A)−1CT c1, · · · , (αrE − A)−1CT cr

]
.

3 while (not converged) do
4 Ê = WTEV , Â = WTAV , B̂ = WTB, Ĉ = CV .
5 Compute Âzi = λ̂iÊzi and y∗i Â = λ̂iy

∗
i Ê .

6 for i = 1, · · · , r. do
7 αi ← −λi, b∗i ← y∗i B̂ and ci ← Ĉzi
8 V =

[
(α1E − A)−1Bb1, · · · , (αrE − A)−1Bbr

]
9 W =[

(α1ET −AT )−1CT c1, · · · , (αrET −AT )−1CT cr
]

10 Construct the reduced matrices

Ê = WTEV, Â = WTAV, B̂ = WTB, Ĉ = CV.

interpolation points and some fixed tangent directions. That
is

G(αi)bi = Ĝ(αi)bi, cTi G(αi) = cTi Ĝ(αi), and

cTi G(αi)bi = cTi Ĝ(αi)bi, for i = 1, · · · , r,
where bi ∈ Cm and ci ∈ Cp are the right and left tangential
directions, respectively, and correspond to the interpolation
points αi. With these quantities, rational tangential interpola-
tion can be achieved. The IRKA based interpolatory projection
method for MIMO systems has been elaborated in [4], [9],
where the algorithm updates interpolation points as well as
tangential directions until the reduced system satisfies the
necessary condition for H2-optimality. We have summarized
a complete tangential IRKA procedure in Algorithm 1.

III. IRKA FOR SECOND ORDER INDEX-1 SYSTEM

This section discusses the model reduction of second order
index-1 descriptor system (1) using IRKA. Essentially, by
converting the second order index-1 system (1) into the first
order form (3), one can apply Algorithm 1 to obtain the
reduced order model (5). In the above we already have
mentioned that explicit formulation of (3) is prohibitive for
a large-scale dynamical system. In the following we discuss
how to overcome this problem using the ideas in [5], [6].

In Algorithm 1, if we use E = E, A = A, B = B and
C = C, then to compute the i-th column of V we have to
solve the shifted linear system:

(αiE −A)ξ = Bbi, (13)

which implies[
−M αiM
αiM αiD +K

] [
ξ1
ξ2

]
=

[
0
H

]
bi.

Inserting M , D, K and H from (2), and undoing the Schur
complement, this linear system leads to the linear system−M1 αiM1 0

αiM1 αiD1 +K11 K12

0 K21 K22

ξ1ξ2
Γ

 =

 0
H1

H2

 bi, (14)

Algorithm 2: Tangential IRKA for second order index-1
systems.

Input : M1, D1,K11,K12,K21,K22, H1, H2, L1, L2.
Output: Ê, Â, B̂, D̂a := −LT2K−122 H2.

1 Form E, A, B and C as in (4).
2 Make an initial selection of the interpolation points
{αi}ri=1 and tangential directions {bi}ri=1, {ci}ri=1.

3 while (not converged) do
4 for i = 1, 2, · · · , r do

5

[
α2
iM1 + αiD1 +K11 K12

K21 K22

] [
ξ2
Γ

]
=

[
H1

H2

]
bi,

vi =

[
αiξ2
ξ2

]
, V =

[
v1, v2, · · · , vr

]
.

6

[
α2
iM

T
1 + αiD

T
1 +KT

11 KT
21

KT
12 KT

22

] [
ζ2
Λ

]
=

[
L1

L2

]
ci,

wi =

[
αiζ2
ζ2

]
, W =

[
w1,w2, · · · ,wr

]
.

7 Ê = WTEV , Â = WTAV , B̂ = WTB, Ĉ = CV .
8 Compute Âzi = λ̂iÊzi and y∗i Â = λ̂iy

∗
i Ê.

9 αi ← −λi, b∗i ← y∗i B̂ and ci ← Ĉzi.

10 Form the reduced matrices

Ê = WTEV, Â = WTAV, B̂ = WTB, Ĉ = CV.

for
[
ξ1
ξ2

]
. Although the matrix in (14) has larger dimension

(2n1+n2), it is sparse and can efficiently be solved by suitable
direct (e.g., [10], [11]) or iterative (e.g., [12], [13]) solvers.
From the first row in (14) we obtain

ξ1 = αiξ2 (15)

and from the last row we get Γ = K−122 H2bi − K−122 K21ξ2.
Now inserting ξ1 and Γ into the second row yields

α2
iM1ξ2 + (αiD1 +K11)ξ2−K12K

−1
22 K21ξ2 =

H1bi −K12K
−1
22 H2bi.

This is equivalent to the linear system[
α2
iM1 + αiD1 +K11 K12

K21 K22

] [
ξ2
Γ

]
=

[
H1

H2

]
bi, (16)

for ξ2. Analogously, when we compute W in Step 2 of the
Algorithm 1, at the i-th iteration we need to solve the linear
system[

α2
iM

T
1 + αiD

T
1 +KT

11 KT
21

KT
12 KT

22

] [
ζ2
Λ

]
=

[
LT1
LT2

]
ci, (17)

for ζ2 and ζ1 = αiζ2. Using this idea, the linear system like
(14) of dimension 2n1+n2 is replaced by another sparse linear
system of dimension n1+n2, which ensures fast computation.
We summarize the above idea in Algorithm 2 for computing
the ROM (5) for the second order index-1 descriptor system
(1).

Remark III.1 (Symmetric Setting). In the system (1), if the
matrices M, D and K are symmetric and L = HT , then
the matrices E and A in (3) become symmetric for F = M .
Moreover, if C = BT , the computed V and W in Algorithm 2
coincide. Therefore, instead of solving two linear systems
(in steps 5 and 6) in this case we need to solve only one
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Fig. 1: Sigma plot of full and reduced order models.
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Fig. 2: Relative error in the sigma plot of full and reduced
order models.

linear system of equations. This reduces the computational cost
significantly. Note that the model that we use in our numerical
tests is of this exact form. See [14] for additional details.

Remark III.2 (Implementation Details). Note that, when
implementing Algorithm 2, one should never form the matrices
E and A from (4) explicitly, but use the original second order
matrices and corresponding subblocks of V and W to compute
the reduced order matrices Ê and Â. Moreover, when the shift
αi is complex, the next one is expected to be its conjugate.
Then we perform a double step by immediately adding real and
imaginary parts to V separately and skipping the conjugate
linear solve. This reduces the amount of complex arithmetic
and keeps V and thus also the reduced order matrices real
(also in finite precision arithmetic).

IV. NUMERICAL RESULTS

The accuracy and performance of the proposed technique,
is illustrated by application to a set of data for the finite
element discretization of an adaptive spindle support (ASS)
[15]. The dimension of the original model is n = 290 137,
which consists of n1 = 282 699 differential equations and
n2 = 7 438 algebraic equations. The number of the colocated
inputs and outputs is 9.

All results have been obtained using MATLAB® 7.11.0
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Fig. 3: Relation between input 9 and output 1.

(R2012a) on a board with 4 Intel® Xeon® E7-8837 CPUs with
a 2.67-GHz clock speed, 8 Cores each and 1TB of total RAM.

Applying Algorithm 2, we form exemplary reduced order
models of dimension 50, 20 and 10. Following Remark III.1,
we use the symmetry of the model and compute only V .

Figure 1 shows the frequency responses (i.e., the largest
singular value of G(jω)) of the full and 50, 20 and 10
dimensional reduced order models in frequency domain over
the frequency (ω) range of 101 to 104. The corresponding
relative errors are shown in Figure 2.

We also present important single-input to single-output
relations of the full and different dimensional reduced models.
The relation of input 9 (electrical potential) and output 1
(displacement) is shown in Figure 3. In this figure we see that
the frequency responses of the lower dimensional models 50
and 20 nicely match the full model with satisfactory relative
deviations. Figure 4 depicts the relation between input 9 and
output 9 (electric charge) of the original and the 50 and 20
dimensional reduced models.

Comparing these results to the ones reported in [3], we see
that here the second order to second order balanced truncation
approach leads to smaller deviations by roughly two orders
of magnitude for the same ROM orders. On the other hand,
for satisfactory results, the BT approach requires almost 30GB
RAM to store the Gramian factor required for the balancing
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Fig. 4: Relation between input 9 and output 9.

transformation. The IRKA in our experiments needs less than
half of that and is thus applicable also on a modern workstation
with 16GB RAM.

V. CONCLUSIONS

We have presented a technique to find a reduced first
order system for a large-scale sparse second order index-1
system. The technique is based on an interpolatory projection
method using IRKA. A couple of important contributions have
been pointed out. In each innermost iteration of the proposed
algorithm we need to solve a large linear system with a (Schur-
complement) dense matrix. We have shown how to exploit the
sparsity of the original coefficient matrices when solving such
linear systems by undoing the Schur-complement. This has
reduced the computational cost significantly. We have applied
the method to a practical data set for a micromechanical piezo
actuated model with almost 300 000 degrees of freedom. The
numerical results have proven the capability and efficiency of

the proposed method. Our future work focuses on structure
preserving reduction techniques via IRKA for such second-
order index-1 descriptor system along the lines of [16, Chap-
ter 5].
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