
Reduced Basis Approximations for Maxwell’s

Equations in Dispersive Media

Peter Benner and Martin Hess*

Abstract Simulation of electromagnetic and optical wave propagation in, e.g. wa-

ter, fog or dielectric waveguides requires modeling of linear, temporally dispersive

media. Using a POD-greedy and ID-greedy sampling driven by an error indicator,

we seek to generate a reduced model which accurately captures the dynamics over

a wide range of parameters, modeling the dispersion. The reduced basis model re-

duction reduces the model order by a factor of more than 50, while maintaining an

approximation error of significantly less than 1% over the whole parameter range.

1 Modeling Maxwell’s Equations in Temporally Dispersive

Media

The time-dependent Maxwell’s equations in hyperbolic form, also termed the high-

frequency approximation, is given in second order form in the electric field E as

∇× 1

µ
∇×E + ε

∂ 2E

∂ t2
=−∂ ji

∂ t
, (1)

with the material parameters permeability µ = µrµ0 and permittivity ε = εrε0, and

an impressed source current density ji. While the relative permeability µr and the

relative permittivity εr depend on the material properties, µ0 and ε0 are constants

corresponding to free space.
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A temporally dispersive medium assumes a time-dependent relative permittivity

εr = εr(t), depending on the history of the electric field strength [8], [9]. Such a

relation needs to be taken into account when the propagation of an electromagnetic

pulse through certain media, such as water or fog, is simulated. A particular appli-

cation in medical imaging is the noninvasive interrogation of the interior of tissues

by electromagnetic waves. The approach followed here assumes a medium of po-

lar molecules with a permanent dipole moment. A concrete example is the water

molecule H2O, where the hydrogen atoms are attached at a certain angle to the oxy-

gen atom. While the molecule as a whole is neutrally charged, there is a permanent

dipole moment due to the particular angle, see Fig. 1.

Fig. 1 Permanent dipole moment of the water molecule.

Thus, the Maxwell’s equations (1) are altered by taking a relaxation polariza-

tion into account. Considering liquid or solid dielectrics with polar molecules, the

molecules reply to the applied external field by rotating, i.e., rotating such that the

dipole moment is in sync with the external field. This causes friction, which in turn

leads to an exponential damping of the electromagnetic pulse [1], [3], [9]. The dis-

persive property is incorporated by replacing ε0εrE(t,x) with

ε0ε∞E(t,x)+ ε0

∫ t

−∞
E(t − τ,x)χ(τ)dτ (2)

with susceptibility χ . Here, a single pole expansion of the susceptibility in frequency

domain is assumed, called a Debye relaxation, with relative permittivity at low-

frequency limit εs, relative permittivity at high-frequency limit ε∞ and relaxation

time τ

χ(ω,x) =
(εs − ε∞)

ıωτ +1
. (3)

The two terms in (2) are the instantaneous polarization ε0ε∞E(t,x) and the relax-

ation polarization

ε0

∫ t

−∞
E(t − τ,x)χ(τ)dτ. (4)

Hence, a non-dispersive medium only exhibits instantaneous polarization (with

εr = ε∞), but no relaxation polarization. Making use of the exponential decay of
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χ in time, the convolution integral can be computed efficiently, see [8]. Here, the

approach is to derive an auxiliary differential equation for the polarization [6], [8],

which avoids computation of the convolution integral. Define P(t,x) as the relax-

ation polarization (in the following referred to as just the ’polarization’)

P(t,x) = ε0

∫ t

−∞
E(t − τ,x)χ(τ,x)dτ, (5)

which writes in frequency domain, where the convolution turns into a multiplication

P(ω,x) = ε0χ(ω,x)E(ω,x). (6)

Using the single-pole expansion for χ , (3), it follows

(ıωτ +1)P(ω,x) = ε0(εs − ε∞)E(ω,x), (7)

which leads to

τ∂tP+P = ε0(εs − ε∞)E, (8)

such that the coupled system of E and P is given as

∇×
(

1

µ0
∇×E

)

+ ε0ε∞∂ 2
t E = f −∂ 2

t P, (9)

∂tP+
1

τ
P =

ε0(εs − ε∞)

τ
E, (10)

with polarization P and an input source denoted by f . This is called the Debye

model of orientational polarization, or Maxwell-Debye model for short.

Typical material parameter values for water are ε∞ = 1.80,εs = 81.00,τ =
9.400×10−12 s and for foam ε∞ = 1.01,εs = 1.16,τ = 6.497×10−10 s.

Section 2 details how the coupled system of equations (9)–(10) is solved numer-

ically, while section 3 explains the model reduction procedures. Section 4 provides

numerical results and section 5 concludes our findings.

2 Simulation of Maxwell’s Equations in Temporally Dispersive

Media

The discretization of (9)–(10) is done with Nédélec finite elements of first order [11].

As a test case, the 2-dimensional unit square in the x-y-plane is chosen, correspond-

ing to a physical domain of 1m-by-1m. The finite element method is implemented

in MATLAB from first principles. The uniform triangulation of the domain results

in 9680 edge-based degrees of freedom, which serve as projection space for the full-

order model in the electric field E as well as the polarization P. The boundary is a

zero Dirichlet boundary (also called PEC - perfectly electric conducting), enforced
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by setting the appropriate degrees of freedom to zero. To achieve a broadband in-

put source, a Gaussian pulse is used to excite the system. In particular, the curl of

a Gaussian in the z-direction is used, which physically corresponds to a magnetic

field present perpendicular to the computational domain. Define the Gaussian pulse

G : R2 → R as

G(x,y) =
1

√

|Σ |(2π)2
exp(−1

2
((x y)−µ))Σ−1((x y)−µ)T )), (11)

with mean in the center of the domain µ = (0.5 0.5) and covariance matrix Σ =
(

0.1 0

0 0.1

)

, then the (vector-valued) spatial source term f1(x,y) is

f1(x,y) = ∇×





0

0

G(x,y)



=





∂yG(x,y)
−∂xG(x,y)

0



 . (12)

The spatial source term is modulated with the second derivative of a Gaussian in

time f2(t), such that the input source is f = f (x,y, t) = f1(x,y) f2(t). Note that f2(t)
reaches zero after some time, such that the source is effectively removed after the

initial excitation.

The time-stepping is realized by a Runge-Kutta-Nyström scheme in the electric

field and an explicit Euler in the polarization. The Runge-Kutta-Nyström scheme [4]

makes use of the particular form Ë = F (t,E) found in (9) by a simple transforma-

tion. The equations (9) and (10) are solved in turn, i.e. assuming an initial condition

of E(t,x) = 0 and P(t,x) = 0, first (9) is solved and then the time derivative of (10)

is solved for ∂ 2
t P with ∂tE plugged in. The solution for ∂ 2

t P is then used in (9) for

the next timestep. The Runge-Kutta-Nyström scheme used here computes for each

timestep tk

k1 = F (tk,E(tk)+
3+

√
3

6
∆t∂tE(tk)), (13)

k2 = F (tk,E(tk)+
3−

√
3

6
∆t∂tE(tk)+

2−
√

3

12
∆ 2

t k1), (14)

k3 = F (tk,E(tk)+
3+

√
3

6
∆t∂tE(tk)+

√
3

6
∆ 2

t k2), (15)

E(tk+1) = E(tk)+∆t∂tE(tk)+∆ 2
t (

5−3
√

3

24
k1 +

3+
√

3

12
k2 +

1+
√

3

24
k3),(16)

∂tE(tk+1) = ∂tE(tk)+∆t(
3−2

√
3

12
k1 +

1

2
k2 +

3+2
√

3

12
k3), (17)

such that ∂ 2
t E(tk+1) can be computed by evaluating F at tk+1, but this is actually

not necessary, since ∂ 2
t E(tk+1) is not required in (10). Since the relaxation time is
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in the range of nanoseconds, the time-stepping is chosen as ∆t = 1×10−11 s = 10

ps with a total number of timesteps nT = 500.

Example trajectories are shown in Fig. 2 and Fig. 3. Due to the smaller permit-

tivities in Fig. 2, the propagation velocity is larger and the fields are not as strongly

damped as in Fig. 3. In general, different parameter choices for εs, ε∞ and τ mainly

change the propagation velocity and amplitudes.

Fig. 2 Snapshots of one component of the trajectory using ε∞ = 1, εs−ε∞ = 0.5 and τ = 1×10−9.

From top left to bottom right, timesteps 100, 150, 200, 250, 300, 350, 400, 450 and 500.

3 Reduced Basis Parametric Model Order Reduction

Parametric model order reduction (PMOR) aims at reducing the computational ef-

fort in many-query and real-time tasks. A recent survey of PMOR techniques can be

found in [2]. The PMOR technique applied in this work is the reduced basis method

(RBM) [10]. A low-order model is determined by the RBM from a few large-scale

solves at judiciously chosen parameter locations. A particular role play error in-

dicators, which determine the parameter locations of choice. At these parameter

locations, a full order trajectory is computed and condensed to the most dominant

modes by a matrix decomposition. The most significant modes are then stored in a

projection matrix XN . Since it is a coupled problem in the electric field E and the po-

larization P, a compound reduced basis XN is formed by independently condensing

both trajectories. To ensure numerical stability, the compound reduced basis space

needs to be orthonormalized separately. Since the electric field and the polarization
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Fig. 3 Snapshots of one component of the trajectory using ε∞ = 2, εs−ε∞ = 1.5 and τ = 1×10−8.

From top left to bottom right, timesteps 100, 150, 200, 250, 300, 350, 400, 450 and 500.

are differently scaled by a factor of about 1× 10−6, the columns are normalized

before orthonormalization. A Ritz-Galerkin projection is used, such that the large

scale matrices Ai are projected as Ai
N = XT

N AiXN . The same procedure is applied

to the mass matrix M and the curl-curl matrix S. The model is parametrized in the

relaxation time τ ∈ [1× 10−10,1× 10−6] with 12 logarithmically spaced samples

and ∆ε = εs − ε∞ ∈ [0.5,10] with 10 uniformly spaced samples, thus defining the 2-

dimensional sampled parameter domain Ξ . A point in Ξ is denoted by the parameter

vector ν . Assuming an initial reduced order model has been computed with reduced

order solution EN(·,ν), it holds

∆(ν) = ‖E(·,ν)−EN(·,ν)‖ ≤
n

∑
k=1

ak(ν)bn−k(ν), (18)

where

a(ν) = sup
n∈{1,...,nT }

sup
w 6=y

‖w− y‖
‖ f (w, tn;ν)− f (y, tn;ν)‖ , (19)

is the inverse Lipschitz constant and bn(ν) is the residual at timestep n.

The typical procedure is a greedy-max strategy, where the maximum of ∆(ν)
over the sampled parameter domain is chosen for another large-scale solve to enrich

the reduced basis. However, rigorous error estimation requires an upper bound on

the inverse Lipschitz constant, which is not feasible by current methods. Thus, an

error indicator is used by setting a = 1.
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Time-dependent problems typically employ the POD-greedy technique, which

uses a proper orthogonal decomposition (POD) to condense the time trajectory. For

comparison, we also show results using an ID-greedy procedure, where an interpo-

latory decomposition (ID) is used.

3.1 POD-Greedy Algorithm

The POD-Greedy approach is a well-established technique for model reduction of

time-dependent problems [7].The POD performs a singular value decomposition

(SVD) on the orthogonal complement of the newly computed trajectory with respect

to the current projection basis XN . The projection onto the space XN is denoted by the

operator ΠXN
in the POD-Greedy algorithm. The modes corresponding to the largest

singular values are then appended to the projection basis. This ensures that the most

important information on the trajectory is appended due to the best approximation

property of the SVD.

Algorithm 1 POD-Greedy Algorithm

INPUT: sampled parameter domain Ξ , tolerance ε
OUTPUT: POD-Greedy samples SN , projection space XN

1: Choose ν1 ∈ Ξ arbitrarily

2: Solve for E(ti;ν1) and P(ti;ν1), where i = 1, . . . ,nT

3: Set S1 = {ν1}
4: POD of trajectories for E(ti;ν1) and P(ti;ν1) gives initial compound projection basis XN

5: Set k = 1

6: while maxΞ ∆(ν)> ε do

7: Set k = k+1;

8: Set νk = argmaxΞ ∆(ν)
9: Set Sk = Sk−1 ∪{νk}

10: Solve model for E(ti;νk) and P(ti;νk)
11: eE(ti) = E(ti;νk)−ΠXN

E(ti;νk), where i = 1, . . . ,nT

12: eP(ti) = P(ti;νk)−ΠXN
P(ti;νk), where i = 1, . . . ,nT

13: POD of trajectories eE(ti) and eP(ti) and append modes to XN

14: end while

The POD compression in time offers some tuning options. Either a fixed number

of modes can be appended to the projection basis, or a number of modes corre-

sponding to a percentage of the sum of the singular values. A high percentage, such

as 99% is typically sufficient to resolve the trajectory accurately. This will be used

here, such that the modes corresponding to the largest singular values are chosen un-

til the sum of the associated singular values reaches 99% of the sum of all singular

values.

When the time trajectory is large, the POD can become infeasible to compute.

A compression of the trajectory is thus useful and can be achieved by an adaptive

snapshot selection [12]. Successively removing vectors from the trajectory, when the



8 Peter Benner and Martin Hess*

angle to the last chosen vector is below a threshold angle, can significantly reduce

the size of the trajectory, without impacting the approximation accuracy. A variation

of this is looking at the angle between the current vector and the whole subspace,

which has already been chosen.

3.2 ID-Greedy Algorithm

Since the singular value decomposition (SVD) in the POD step is costly, an inter-

polatory decomposition (ID) is considered as an alternative, [5]. The potential ad-

vantage is that computation times are lower than for an SVD. On the other hand, the

interpolatory decomposition does not generate orthonormal matrices. This model

also includes the adaptive snapshot selection [12] to enhance the offline times by

compressing the trajectories before the SVD.

The interpolatory decomposition of a matrix A ∈ Rm×n is a randomized decom-

position into U ∈ Rm×k, B ∈ Rk×k and V ∈ Rm×k as

A ≈U ◦B◦V T
, (20)

where B is a k× k submatrix of A. It expresses each of the columns of A as a linear

combination of k selected columns of A and analogously for the rows. This selection

defines the k× k submatrix B of A, and in the resulting system of coordinates, the

action of A is represented by the action of its submatrix B. Either the order k or an

error tolerance is specified for its operation.

The ID-greedy algorithm essentially only differs from the POD-greedy in that

the interpolative decomposition replaces the POD.

Algorithm 2 ID-Greedy Algorithm

INPUT: sampled parameter domain Ξ , tolerance ε
OUTPUT: ID-Greedy samples SN , projection space XN

1: Choose ν1 ∈ Ξ arbitrarily

2: Solve for E(ti;ν1) and P(ti;ν1), where i = 1, . . . ,nT

3: Set S1 = {ν1}
4: ID of trajectories for E(ti;ν1) and P(ti;ν1) gives initial compound projection basis XN

5: Set k = 1

6: while maxΞ ∆(ν)> ε do

7: Set k = k+1;

8: Set νk = argmaxΞ ∆(ν)
9: Set Sk = Sk−1 ∪{νk}

10: Solve model for E(ti;νk) and P(ti;νk)
11: eE(ti) = E(ti;νk)−ΠXN

E(ti;νk), where i = 1, . . . ,nT

12: eP(ti) = P(ti;νk)−ΠXN
P(ti;νk), where i = 1, . . . ,nT

13: ID of trajectories eE(ti) and eP(ti) and append modes to XN

14: end while
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4 Numerical Results

The trajectory of a single degree of freedom for parameters ∆ε = 0.1 and τ = 1.23×
10−9 is shown in Fig. 4 that is a parameter configuration, which was not chosen

explicitly in either the POD-greedy or ID-greedy procedure. In Fig. 5 and Fig. 6,

the error in that degree of freedom is shown with respect to increasing model sizes.

It indicates, that the POD-greedy and the ID-greedy deliver accurate reduced order

models of comparable size.
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Fig. 4 Reference trajectory.

Over the whole parameter domain, there is a smooth decay in the maximum

error as shown in Fig. 7, indicating exponential convergence speed. The computation

times1 of using a POD-greedy reduced order model are shown in Table 1. Using a

model of dimension 125, the compute time of a trajectory reduces by a factor of 35.

Model Size 9680 123 79 21 9

Time 43.5 s 1.24 s 0.67 s 0.12 s 0.07 s

Table 1 Comparison of computation times of full order and reduced order models.

In this model setup, the dominant offline time is in the computation of residuals

after each basis enrichment step. However, with an increasing number of timesteps,

the matrix decompositions will become more expensive. Table 2 shows the com-

1 All computations were done on a Intel(R) Core(TM)2 Quad CPU Q6700 @ 2.66GHz desktop

machine with 8GB RAM, running Ubuntu 12.04.5 LTS and MATLAB R2012b.



10 Peter Benner and Martin Hess*

0 100 200 300 400 500
10−13

10−10

10−7

10−4

10−1

Time
[

10ps
]

R
el

at
iv

e
A

p
p

ro
x

im
at

io
n

E
rr

o
r

Fig. 5 Error in the reference trajectory for POD-greedy generated models of size 9 (red), 21

(green), 79 (blue) and 123 (black).
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Fig. 6 Error in the reference trajectory for ID-greedy generated models of size 20 (red), 40 (green),

79 (blue) and 125 (black).
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Fig. 7 Comparison of SVD (red) and ID (blue) generated models. Shown is the maximum relative

error (mean in time) in the electric field over the sampled parameter domain

pute times of the matrix decompositions. It shows that with increasing number of

timesteps, adaptive snapshot selection [12] might become necessary.

Method 500 timesteps 1500 timesteps 3000 timesteps

SVD 2.9 s 10.9 s 26.6 s

ID 0.9 s 4.4 s 13.2 s

Table 2 Comparison of SVD (POD) and ID computation times for different number of timesteps.

5 Conclusion

This is the first application of model reduction to Maxwell’s equations in dispersive

media, to the best of our knowledge. Since the parametric variations mainly influ-

ence propagation velocity and amplitudes, this problem is well suited for parametric

model reduction. In short, if a single trajectory is well resolved, then this also ex-

tends to other parameter locations. A reduced model order of 50 shows less then

0.1% approximation error from the full order model of size 9680.
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A reason for that is that the Debye relaxation does introduce an exponential

damping and does not show trailing waves. A different relaxation under the Lorentz-

Lorenz relation or Drude model [9] might prove more difficult for the model reduc-

tion.
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