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On the transformation formulas of the Hankel-norm approximation
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The Hankel-norm approximation of a linear time-invariant system is a method of model reduction which yields the best
approximation in the Hankel semi-norm. For the application of the method to systems with a non-singular descriptor matrix
E we generalize the transformation formulas. The resulting formulas provide additional degrees of freedom which can be
used to avoid undesired numerical operations or a resulting ill-conditioned system.
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1 Introduction

The modeling of many real-world applications, like chemical processes, electrical circuits and networks, or mechanical struc-
tures and multibody systems results in systems of ordinary differential equations. Therefore, we investigate linear time-
invariant systems of the form

Eẋ(t) = Ax(t) +Bu(t),

y(t) = Cx(t) +Du(t),
(1)

with E,A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n and D ∈ Rp×m. Additionally, we are assuming that the E matrix is invertible.
This case frequently appears in applications, e.g., as mass matrix of a mechanical system. The transfer function of such
systems is then given byG(s) = C(sE−A)−1B+D. In this paper, we only consider the case of square systems, i.e., p = m,
but the formulas can also be extended to the non-square system case.

Due to the quickly increasing number of equations n and the associated computational effort of using the system for the
design of controllers and simulations, we want to approximate (1) by a new model of order r � n which describes nearly
the same input-output behavior as the original system. The problem of finding the best approximation of a certain order in
the Hankel semi-norm can be solved by the Hankel-norm approximation. For the standard system case, i.e., E = In, this
method can be found in [1, 2]. For singular E, the method was extended in [3, 4], where the construction was based on
the assumption that the non-singular part of E will be reduced to the standard case. Allowing a non-identity E matrix in the
transformation formulas will provide additional degrees of freedom which can be used in the construction of the reduced-order
model. Therefore, we will generalize the transformation formulas in the following.

2 Construction Formulas

The formulas for the construction of the Hankel-norm approximation are based on the error system

Ee =

[
E 0

0 Ê

]
, Ae =

[
A 0

0 Â

]
, Be =

[
B

B̂

]
, Ce =

[
C −Ĉ

]
, De = D − D̂, (2)

with E, A, B, C, D from (1) and Ê, Â, B̂, Ĉ, D̂ as approximation of the same order, see [1, 2]. The approximation is now
chosen such that the transfer function Ge = G− Ĝ of the error system (2) is scaled all-pass, i.e., Ge(s)G

T
e (−s) = ς2Im, with

0 < ς ∈ R. For scaled all-pass systems we know that

‖Ge‖L∞ = ‖Ge‖H = ς, (3)

holds in the L∞-norm and the Hankel semi-norm, see [2]. A complete algebraic characterization of systems with all-pass
transfer functions for the standard systems case can be found in [2]. By introducing an invertible E we get the following
theorem with [1] and [5].

Theorem 2.1 The error system (2) is scaled all-pass with parameter ς if and only if the following conditions hold:

DeD
T
e = ςIm, (4)

ET
e QeAe +AT

e QeEe + CT
e Ce = 0, (5)

PeE
T
e QeEe = ςI2n, (6)

DT
e Ce +BT

e QeEe = 0. (7)
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For the moment, we have to assume that the chosen parameter ς satisfies

ςr > ς > ςr+1, (8)

where ς21 > · · · > ς2n are the eigenvalues of PETQE, i.e., ς is not a Hankel singular value of (1). For such ς , the problem of
constructing an approximation, satisfying (3), is known as the ς-dilation problem. Now we insert the error system in (6) and
get the following solution

Pe =

[
P −ΓE−1Q−T12 Ê

−T

−Ê−1Q−112 E
−T ΓT Ê−1Q−112 QEΓE−1Q−T12 Ê

−T

]
, Qe =

[
Q Q12

QT
12 QT

12EΓ−1PETQ12

]
, (9)

with Γ = PETQE− ς2In. The matrices Ê and Q12 have to be invertible but can be arbitrarily chosen. These are two degrees
of freedom we have to choose later for specific formulas. The resulting system of matrix equations from (4) and the insertion
of (9) into (5) and (7) can be solved to get

D̂ = D − ςU, B̂ = −E−TQ−112 (ςUTC +BTQE)T ,

Ĉ = ς−1UBTQ12Ê − (C + ς−1UBTQE)Γ−1PETQ12Ê, Â = Q−112 E
−T (CT Ĉ −ATQ12Ê),

(10)

where U ∈ Rm×m is an orthogonal matrix. In these formulas we still have our two free matrices Ê and Q12. One possible
selection would be Ê = ET and Q12 = E−T such that the explicit inverses of E and Q12 vanish:

D̂ = D − ςU, B̂ = −(ςUTC +BTQE)T ,

Ĉ = ς−1UBT − (C + ς−1UBTQE)Γ−1PET , Â = CT Ĉ −AT .
(11)

The approximations constructed by (10) or (11) satisfy the error expression (3) but are unstable, where the numbers of
stable and anti-stable eigenvalues of the matrix pencil λÊ − Â are predetermined by the relation of the chosen parameter ς to
the Hankel singular values of the system. For ς as in (8), the matrix pencil λÊ − Â has exactly r stable and r + 1 anti-stable
eigenvalues. The reduced-order system of order r is then the stable part of the constructed approximation.

The error of the stable best approximation of order r is given by the Hankel singular value ςr+1, see [2]. So the parameter
ς has to approach ςr+1 which results in a numerical problem since we use the inverse of Γ. Therefore, we can transform the
system such that the Gramians can be partitioned in the following way

P =

[
P11 0
0 ςr+1Ik

]
, Q =

[
Q11 0

0 ςr+1Ik

]
,

with ςr+1 separated in a lower block with multiplicity k. Additionally, we can assume for simplicity

PETQE =

[
P11E

T
11Q11E11 0

0 ς2r+1Ik

]
,

see [5]. Now, the system matrices have to be partitioned accordingly to the Gramians such that

E =

[
E11 E12

E21 E22

]
, A =

[
A11 A12

A21 A22

]
, B =

[
B1

B2

]
, C =

[
C1 C2

]
.

With the same choice of the free matrices as in (11), the resulting best approximation can be constructed as follows

D̂ = D − ςr+1U, B̂ = −(ςr+1U
TC1 +BT

1 Q11E11)T ,

Ĉ = ς−1r+1UB
T
1 − (C1 + ς−1r+1UB

T
1 Q11E11)Γ−111 P11E

T
11, Â = CT

1 Ĉ −AT
11,

Ê = ET
11,

(12)

with UBT
2 E22 = C2 and Γ11 = P11E

T
11Q11E11 − ς2r+1In−k. Then the Hankel-norm approximation is the stable part of (12).
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