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In this paper, we consider a class of controlled population balance equations describing granulation processes in chemical
engineering. Such a control system admits an equilibrium which is not asymptotically stable in general. In order to stabilize
this equilibrium, we consider the perturbed system and introduce a Lyapunov functional candidate as a weighted L2-norm. It
is shown that the weight function for this construction may be defined in terms of solutions to a certain differential inequality.
We present a solution of this differential inequality in a particular case and discuss possible extensions of this approach for
multidimensional hyperbolic systems.
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1 Population Balance Equation

Consider a general population balance equation with one spatial variable:

∂n

∂t
+ G̃(n, x)

∂n

∂x
= F̃ (n, x)v, x ∈ [0, `], v ∈ R, (1)

where n = n(x, t) describes the distribution of particles of size x at time t ≥ 0, v is the control, G̃(n, x) and F̃ (n, x) are
given C1-functions. This class of differential equations is used, in particular, for the mathematical modeling of granulation
processes [3] and crystallization processes [6] in chemical engineering. If n = nd(x) is a steady-state solution of the above
equation with some constant control v = vd, then by substituting n(x, t) = nd(x) + w(x, t) and v = vd + u into (1), we
obtain:

∂w

∂t
+G(w, x)

∂w

∂x
= F (w, x)u+ U(w, x), (2)

with G(w, x) = G̃(w + nd, x), F (w, x) = F̃ (w + nd, x), and U(w, x) = Fvd − Gdnd

dx . We also assume that the boundary
condition w(0, t) = 0 and the initial condition w(x, 0) = w0(x) hold. In contrast to the discrepancy based approach of the
paper [3], dealing with the partial stability problem for the solution n = nd, we focus here on the construction of a positive
definite functional V (w) such that its time derivative V̇ (w) along the trajectories of (2) is non-positive under a suitable choice
of the control u = k(w(·, t)).

2 Construction of a Lyapunov Functional

Let us consider the linear approximation of the control system (2) in a neighborhood of the equilibrium w = 0, u = 0:

∂w

∂t
+ Ḡ(x)

∂w

∂x
= F̄ (x)u+ Ū(x)w, x ∈ [0, `], u ∈ R,

w(0, t) = 0, w(x, 0) = w0(x),
(3)

where Ḡ(x) = G(0, x), F̄ (x) = F (0, x), and Ū(x) = ∂U(w,x)
∂w |w=0.

In order to study the stabilization problem for systems (2) and (3), we introduce the following weighted L2-norm of w(·, t):

V =

∫ `

0

ρ(x)w2(x, t)dx, (4)

where the weight ρ(x) > 0 is a differentiable function. Then the time-derivative of V along the trajectories of systems (2)
and (3) can be written as

V̇(2) =

∫ `

0

{
2ρU + w

∂

∂x
(ρG)

}
w dx+ 2u

∫ `

0

ρFw dx− ρḠw2
∣∣`
x=0
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and

V̇(3) =

∫ `

0

{
2ρŪ +

d

dx
(ρḠ)

}
w2dx+ 2u

∫ `

0

ρF̄w dx− ρḠw2
∣∣`
x=0

, (5)

respectively. The integration by parts has been used to derive the above formulas. We choose a feedback control of the form

u = −k
∫ `

0

ρ(x)F̄ (x)w(x, t)dx, (6)

where k is some positive constant.
The main result of our work can be summarized as follows.
Theorem 1. Let ρ(x) > 0 be a function of class C1[0, `] such that the differential inequality

d

dx

(
ρ(x)Ḡ(x)

)
+ 2ρ(x)Ū(x) ≤ −h(x)ρ(x), x ∈ [0, `]. (7)

holds with some continuous function h(x) ≥ 0, x ∈ [0, `]. Then the time-derivative of V =
∫ `

0
ρ(x)w(x, t)dx along the

(classical) trajectories of the closed-loop system (3), (6) admits the following estimate:

V̇ ≤ −2k

(∫ `

0

ρ(x)F̄ (x)w(x, t) dx

)2

−
∫ `

0

h(x)ρ(x)w2(x, t)dx ≤ 0. (8)

The above assertion follows from formulas (5), (6), and (7) with regard for the boundary condition w|x=0 = 0. Theorem 1
suggests two basic approaches for solving the stabilization problem, depending on properties of solutions to the differential
inequality (7).

In the first approach, we assume that the differential inequality (7) admits a solution ρ(x) > 0 for some continuous function
h(x) such that h(x) ≥ h∗ > 0 for all x ∈ [0, `]. Then V is a strict Lyapunov functional, and

V̇ ≤ −h∗V,

which guarantees the exponential decay rate (in the L2[0, `]-norm) for any classical solution w(·, t) of the closed-loop sys-
tem (3), (6) as t → +∞. In this case, it can also be shown that V is a Lyapunov functional for system (2) (locally around
w = 0).

For the second approach, we may choose

ρ(x) = ρ0 exp

{
−
∫ x

0

2Ū(y) + Ḡ′(y)

Ḡ(y)
dy

}
, ρ0 > 0,

to satisfy (7) with h = 0, provided that Ḡ(x) 6= 0 for all x ∈ [0, `]. Theorem 1 implies that the time-derivative V̇ along
the trajectories of (3), (6) vanishes for the values of w(·, t) ∈ Z0, where Z0 is contained in the set Z = {w̃(·) ∈ L2[0, `] :∫ `

0
ρ(x)F̄ (x)w̃(x)dx = 0}. Then the asymptotic behavior of the solution w(·, t) as t → +∞ may be analyzed by using an

infinite-dimensional version of the invariance principle [2, 5].

3 Conclusions and Future Work

We have presented here the construction of a Lyapunov functional for a class of controlled population balance models with
bounded spatial variable x ∈ [0, `]. The case of unbounded x ∈ [0,+∞) may be treated in a similar way. For further
research, we plan to extend this approach for the construction of Lyapunov functionals in the weighted Sobolev spaces [1]
with application to the class of 2× 2-hyperbolic systems describing preferential crystallization processes [4].
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