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ABSTRACT: Simulated moving bed (SMB) chromatography, an important technique for separating chemical
compounds, is usually modeled by a multi-stage dynamical system. After a transient phase, an SMB usually
reaches a cyclic steady state (CSS), which is of central interest in the analysis of SMB systems. Therefore,
computation of the CSS under a given parameter vector requires simulating a relatively high-order SMB model
repeatedly, and is therefore already computationally expensive. Optimization of the operating condition re-
quires evaluating the CSS’s at all iterates and is computationally even more challenging. In our previous work,
we proposed to use Krylov-type model order reduction methods, i.e., a straightforward method along with a
partial-update strategy (Yue, Li, Feng, Seidel-Morgenstern, & Benner 2014) and a subspace-exploiting strat-
egy (Li, Yue, Feng, Seidel-Morgenstern, & Benner 2014), to speed up SMB analysis. This paper puts these
results into a more general mathematical framework of using projection-based model order reduction methods,
especially Krylov-type methods, to reduce linear multi-stage systems. Special attention is paid to computation
and optimization of the CSS. We also show that the two strategies can be combined to achieve an even better
speedup. The efficiency of our methods is validated by numerical optimization of a linear SMB system.

1 INTRODUCTION

Simulated moving bed (SMB) chromatography
(Broughton & Gerhold 1961) is an important separa-
tion technique in chemical engineering. After first ap-
plications in petroleum and sugar separation, it serves
nowadays as a crucial technique for enantiomer sep-
arations in the pharmaceutical industry (Ganetsos &
Barker 1992). In an SMB unit, multiple chromato-
graphic columns are arranged circularly, and the inlets
and outlets are periodically switched. After a transient
phase, an SMB process normally reaches a so-called
cyclic steady state (CSS), which is typically used for
production purposes. Since the CSS is a function of
the operating conditions, finding an “optimal” CSS,
e.g., the one corresponding to the highest production
rate while fulfilling the requirements on production
purities, is of great interest in the analysis of SMB
systems, e.g., (Rajendran, Paredes, & Mazzotti 2009,
Seidel-Morgenstern, Keßler, & Kaspereit 2008).

In the analysis of SMB processes, mathematical
models play an indispensable role (Minceva, Pais,
& Rodrigues 2003). Thanks to the development of
hardware and computing technology, a detailed dis-
cretized model that captures more accurate process
dynamics can be employed in various analyses. How-
ever, although the dimension of such a model is not

extremely high, the analysis of SMB processes is still
computationally challenging due to the following rea-
sons. First, to compute the CSS, the common prac-
tice is either to simulate the SMB system until the
CSS is reached, or to solve a much larger linear sys-
tem where the temporal variable is also discretized
(Minceva, Pais, & Rodrigues 2003). Second, para-
metric studies, e.g., operating condition optimization
(Dünnebier, Fricke, & Klatt 2000) and uncertainty
quantification (Kurup, Subramani, & Harris 2008), re-
quire evaluating the CSS for each parameter accessed,
and are therefore much more expensive.

Model order reduction (MOR) has been proven to
be a powerful tool for generating low-dimensional
and computationally efficient approximations. Many
MOR methods have been proposed and applied suc-
cessfully in various fields such as circuit design and
acoustics (Antoulas 2005, Benner, Gugercin, & Will-
cox 2013). However, the research in reducing multi-
stage systems is still limited. In Yue, Li, Feng, Seidel-
Morgenstern, & Benner (2014) and Li, Yue, Feng,
Seidel-Morgenstern, & Benner (2014), we proposed
to use Krylov-type MOR methods (Feldman & Fre-
und 1995, Bai 2002, Meerbergen 2003), which are ef-
ficient for large-scale linear systems, to reduce multi-
stage linear SMB systems. This paper will summarize
those results and put them in a more general math-



ematical framework. We will first discuss a general
framework in reducing multi-stage systems, and then
propose two strategies for further speedups. Finally,
we will demonstrate the efficiency of the proposed
methods using an optimization problem arising from
an SMB process.

2 BACKGROUND

2.1 Multi-stage linear systems

This paper studies time-triggered multi-stage linear
systems of the form:
Miẋi(t) = Aixi(t) +Bi, i = 1,2, . . ., (1a)

xi(0) = ϕi (xi−1(t
e
i)) , i = 2,3, . . ., (1b)

x1(0) = x01, (1c)

where t ∈ [0, tei ], Mi,Ai ∈ Cni×ni , xi,Bi ∈ Cni and
ϕi : Cni−1 → Cni . When the governing differen-
tial equations and transition functions are stage-
independent, as is the case of SMB processes, multi-
stage linear systems may have a CSS, whose compu-
tation is a main focus of this paper. Therefore, we will
pay special attention to the following system:
Mẋi(t) = Axi(t) +B, i = 1,2, . . ., (2a)

xi(0) = ϕ (xi−1(t
e)) , i = 2,3, . . ., (2b)

x1(0) = x01, (2c)

where t ∈ [0, te], M,A ∈ Cn×n, xi,B ∈ Cn and ϕ :
Cn → Cn. A CSS xcss is a closed trajectory in the
phase space as is shown in Fig. 1 and satisfies:

ϕ (xcss(t
e)) = xcss(0). (3)
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Figure 1: The CSS in the phase space.

To compute the CSS, two important methods are
the simulation method and the full-discretization
method (Minceva, Pais, & Rodrigues 2003). In this
paper, we use the simulation method, which simulates
the system repeatedly until the CSS is reached, as is
shown in Fig. 2.

2.2 Projection-based MOR

Many MOR techniques, e.g., Krylov-type MOR, bal-
anced truncation and proper orthogonal decompo-
sition (POD), can be classified as projection-based
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Figure 2: Evolution of state vectors to CSS in the phase space.

MOR (Antoulas 2005, Benner, Gugercin, & Willcox
2013). A projection-based MOR approximates the
state variable of the i-th stage xi(τ) in a subspace
colspan{Vi}, where Vi ∈ Cn×ki , ki ≤ n, and in prac-
tice ki� n normally holds. Then, we approximate

xi(τ) ≈ Vix̂i(τ), where x̂i(τ) ∈ Cki . (4)

Substituting (4) in (1a) and left multiplying the re-
sulting equation by V ∗i leads to the reduced order
model (ROM)

M̂i
˙̂
X i = ÂiX̂i + B̂i, (5)

where [Âi, M̂i] = V ∗i [Ai,Mi]Vi and B̂i = V ∗i Bi.
Different projection-based MOR methods differ in

how they build Vi. We will discuss Krylov-type MOR
in §3.2.

3 APPLYING PROJECTION-TYPE MOR TO
MULTI-STAGE SYSTEMS

The main goal of this paper is to use ROMs to ac-
celerate computation of the CSS. However, a main
obstacle is that for a ROM as in (5), the CSS may
not exist. Assume that system (2) has a unique CSS
and it does not lie within colspan{V }. Then no CSS
can exist in colspan{V }. Therefore, except for special
cases, a subspace normally contains no CSS. Since
the CSS is not well-defined for a subspace, a relax-
ation, namely the pseudo-CSS, will be introduced in
§3.1 to define a pseudo-cyclic trajectory with the help
of a projector. Section 3.1 also shows that if we do
not take switching into account in building ROMs, it
is highly possible that we run into the problem of pro-
jection error during switching. In the rest of §3, we
will briefly review Krylov-type MOR, and propose a
straightforward method and two strategies for further
speedup, which take special care to avoid the projec-
tion error during switching.

3.1 MOR of multi-stage systems: projection error
during switching and the pseudo-CSS

First we consider the general system (1). To be
generic, we allow to approximate xi in different sub-
spaces for different stages. Assume that at the i-th
stage, we approximate x(t) in the range of an or-
thonormal matrix Vi ∈ Cn×k as

xi(t) = Vix̂i(t), (x̂i(t) ∈ Ck). (6)



To approximate xi(t) well, the condition

xi(0) ∈ colspan{Vi} (7)

should be satisfied, since otherwise, the best approx-
imation of xi(0) is V V ∗xi(0) with an error (I −
V V ∗)xi(0). With a bad approximation of the initial
condition, the evolution cannot be approximated well.

Now we discuss the approximation of transi-
tion condition (1b) via ROMs. The ideal case is
that, the approximation of xi(0), namely Vix̂i(0),
equals the approximation of ϕi (xi−1(t

e
i)), namely

ϕi (Vi−1x̂i−1(t
e
i)). Therefore, the ideal transition is

Vix̂i(0) = ϕi

(
Vi−1x̂i−1(t

e
i)
)
. (8)

However, equation (8) is an overdetermined system,
and it normally does not have a solution unless

ϕi

(
Vi−1x̂i−1(t

e
i)
)
∈ colspan{Vi}, (9)

which does not hold in general. If we simply take the
least-squares solution

x̂i(0) = V ∗i ϕi

(
Vi−1x̂i−1(t

e
i)
)
, (10)

the error between the two sides of (8) is

ϕi

(
Vi−1x̂i−1(t

e
i)
)
− Vix̂i(0)

=ϕi

(
Vi−1x̂i−1(t

e
i)
)
− ViV ∗i ϕi

(
Vi−1x̂i−1(t

e
i)
)

=(I − ViV ∗i )ϕi

(
Vi−1x̂i−1(t

e
i)
)
. (11)

Therefore, the relative error can even reach 100%
when V ∗i ϕi

(
Vi−1x̂i−1(t

e
i)
)

= 0.
Now we study the approximation of the CSS in an

arbitrary subspace colspan{V }. Denote the CSS ap-
proximation by x̂PCSS. Here we consider system (2)
because the CSS can exist only for such systems.
Since the initial state approximation of the next
stage ϕ

(
V x̂PCSS(te)

)
does not necessarily lie within

colspan{V }, we must project it back to colspan{V }
to define a cyclic behavior. Using an orthogonal pro-
jector V V ∗, we define the pseudo-CSS condition

V x̂PCSS(0) = V V ∗ϕ
(
V x̂PCSS(te)

)
, (12)

or equivalently x̂PCSS(0) = V ∗ϕ
(
V x̂PCSS(te)

)
. (13)

The geometric meaning of the pseudo-CSS condition
is illustrated in Fig. 3. It shows that a pseudo-CSS
path can be divided into three phases:

1. In the evolution phase, x̂PCSS(t) evolves from 0 to
te according to the ROM. The state approxima-
tion V x̂PCSS(t) always lies within colspan{V }.

2. In the switching phase, the end state approxima-
tion V x̂PCSS(te) is mapped to the ideal initial con-
dition of the next stage, namely ϕ

(
V x̂PCSS(te)

)
,

which normally does not lie within colspan{V }.

3. In the projection phase, the ideal initial con-
dition of the next stage ϕ

(
V x̂PCSS(te)

)
is pro-

jected to V V ∗ϕ
(
V x̂PCSS(te)

)
, which lies within

colspan{V }. The pseudo-CSS condition (12)
means that, after projection to colspan{V }, the
ideal initial condition of the next stage is iden-
tical to the initial condition of the current stage.
Therefore, with the help of a projector V V ∗, a
pseudo cyclic trajectory is defined.
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Figure 3: Pseudo-CSS in a subspace.

If we discretize the ROM (5) in t and impose
the pseudo-CSS condition, we get a linear system in
which the number of variables equals the number of
equations. Therefore, we expect the ROM to have a
unique pseudo-CSS in most engineering applications.

Although the rest of the paper focuses on Krylov-
type MOR, the analysis above actually holds for any
projection-type MOR. Since a subspace normally has
only the pseudo-CSS, the goal in ROM-based CSS
analysis is to build a subspace whose pseudo-CSS is
close to the true CSS. This explains why POD meth-
ods (Boulkroune, Kinnaert, & Zemouche 2013, Li,
Feng, Benner, & Seidel-Morgenstern 2014) only need
to sample the CSS for CSS-related analysis, even CSS
computation via integration from a transient state.

3.2 A short introduction to Krylov-type MOR

Given a matrix A ∈ Cn×n and a vector b ∈ Cn, the
k-th Krylov subspace is defined as

Kk(A, b) = span{b,Ab,A2b, . . . ,Ak−1b}. (14)

To build a Krylov-subspace, directly computing Aib
(i = 0,1, . . . , k − 1) is numerically unstable. Since A
is nonsymmetric in our SMB model, we use the clas-
sical Arnoldi process (Arnoldi 1951) to build an or-
thonormal basis for the Krylov subspace.

Consider the following first-order linear system in
the frequency domain:{

(A− sM)X = B,
Y = `∗X.

(15)

With a given frequency shift s0, we define

L(s0) = A− s0M. (16)

Krylov-type MOR approximatesX in the Krylov sub-
space Kk{L(s0)

−1M,L(s0)
−1B}. Assuming that the

columns of V are orthnormal and

colspan{V } ⊇ Kk{L(s0)
−1M,L(s0)

−1B}, (17)



a ROM can be built as{
(Â− sM̂)X̂ = B̂,

Ŷ = ̂̀∗X̂, (18)

where [Â, M̂ ] = V ∗[A,M ]V and [B̂, ̂̀] = V ∗[B, `].
The Krylov-type ROM (18) is well known to have the
moment matching property, i.e., the first Taylor coef-
ficients for V X̂ (or Ŷ ) in (18) and X (or Y ) in (15)
around s0 match.

To reduce the following dynamical system in the
time domain with zero initial condition:

Σ :

{
Mẋ = Ax+B,
y = `∗x,
x(0) = 0,

(19)

we can conduct a Laplace transform to obtain the fol-
lowing system in the frequency domain:{

(A− sM)X = −1
s
B,

Y = `∗X,
(20)

which is different from (15) only by a frequency scal-
ing. Therefore, if (15) is approximated well, so is (20).
Using a V satisfying (17) to reduce (19), we obtain a
Krylov-type ROM in the time domain:

Σ̂ :

 M̂ ˙̂x = Âx̂+ B̂,

ŷ = ̂̀∗x̂,
x̂(0) = 0,

(21)

where Â, M̂ , B̂, ̂̀are defined the same as in (18).

3.3 A straightforward method

In this section, we propose a straightforward method,
which builds Krylov-type ROMs for the general
multi-stage system (1) and does not suffer from pro-
jection error during switching. This basic idea is to
use one ROM to approximate the state trajectory of
each stage, and take account of the switching be-
havior when we build ROMs. Consider the switch-
ing from the (i − 1)-st stage to the i-th stage. Our
goal is to build a Vi such that: 1) good accuracy
is achieved in approximating the dynamics of the i-
th stage; 2) the ideal transition condition (8) holds,
which means that the i-th stage should start with the
state ϕi

(
Vi−1x̂i−1(t

e
i)
)
. Therefore, in order to use the

MOR method for reducing (19) to (21), which re-
quires a full-order model (FOM) (19) with zero initial
condition, we first conduct the following shift:

x̃i = xi − ϕi

(
Vi−1x̂i−1(t

e
i)
)
. (22)

Then we rewrite the i-th stage of (1) in terms of x̃i asMi
˙̃xi = Aix̃i +Aiϕi

(
Vi−1x̂i−1(t

e
i)
)

+Bi, (23a)

x̃i(0) = 0. (23b)

Since x̃i(0) = 0 ∈ colspan{Vi} holds for any nontriv-
ial Vi, the initial point is exactly approximated and no
projection error occurs due to (7). As system (23) is in
the form of (19), the straightforward method directly
follows the procedure in reducing (19) to (21). There-
fore, it builds the Krylov subspace:

KS(k; s0)
4
= Kk

{
(Ai − s0Mi)

−1Mi,

(Ai − s0Mi)
−1(Aiϕi(Vi−1x̂i−1(t

e
i)) +Bi

)}
(24)

and uses an orthonormal basis of it as column vectors
to build Vi. With this Vi, we can build a ROM of the
form (21). This method requires only one LU factor-
ization of (A− s0M), which is used for all stages. For
the i-th iteration, the computational dominant part is k
linear system solves. We conclude this section with an
algorithm for the straightforward method. As a gen-
eral algorithm that can be used for both transient and
CSS analysis, we leave out the convergence condition.

Algorithm 1 The straightforward method.

1. Initialization. Choose an initial state x0, assign
i = 1 and x̊1(0) = x0, where x̊i denotes an ap-
proximation of xi.

2. Shift. Shift x̊i by x̊i(0) to obtain x̃i, i.e., x̃i = x̊i−
x̊i(0);

3. Reduce & Simulate. Build the i-th ROM ̂̃xi(t)
of the form (21) by using the subspace (24), and
simulate the i-th ROM from t = 0 to t = tei;

4. Shift Back & Update. Compute x̊i(t
e
i), i.e.,

x̊i(t
e
i) = Vî̃xi(tei)) + x̊i(0), and x̊i+1(0) =

ϕi (̊xi(t
e
i)). Set i = i+ 1 and go to Step 2.

3.4 Two strategies for further speedups

In this section, we will present a partial-update strat-
egy that speeds up the construction of the ROMs, and
a subspace-exploiting strategy that reduces the num-
ber of ROMs required in computing the CSS. Both
strategies apply only to the special formulation (2).

3.4.1 A partial-update strategy
Since M , A, and B are stage-independent in (2), we
rewrite (23a) as

M ˙̃xi = Ax̃i +
[
B,Aϕ

(
Vi−1x̂i−1(t

e)
)][ 1

1

]
, (25)

which we reduce using the block Krylov subspace:

Kk

{
L(s0)

−1M,L(s0)
−1[B,Aϕ(Vi−1x̂i−1(t

e))
]}

=Kk

{
L(s0)

−1M,L(s0)
−1B

}
⊕

Kk

{
L(s0)

−1M,L(s0)
−1Aϕ(Vi−1x̂i−1(t

e))
}
, (26)



where L(s0) is defined in (16). Note that: 1) the first
Krylov subspace above does not change among iter-
ations, so it needs to be computed only once; 2) we
can use different orders for the two Krylov subspaces
(Heres & Schilders 2004). Therefore, we define

KP (k1, k2; s0)
4
= Kk1

{
L(s0)

−1M,L(s0)
−1B

}
⊕

Kk2

{
L(s0)

−1M,L(s0)
−1Aϕ(Vi−1x̂i−1(t

e))
}
. (27)

If the system can be approximated well with k1 �
k2, this method has an advantage due to its lower
computational cost since the most columns of Vi do
not change with i and can be precomputed. Like
the straightforward method, this method also requires
only one LU factorization. However, for iteration i,
the computational dominant part is only k2 linear
solves. To apply the partial-update strategy, we just
need to replace subspace (24) with subspace (27) in
Step 3 of Algorithm 1. As will be shown in §4, the
partial-update strategy works well for SMB systems.

3.4.2 The subspace-exploiting strategy
The subspace-exploiting strategy is specially de-
signed to accelerate the computation of the CSS. Al-
though the straightforward method proposed in §3.3
is already efficient in computing the CSS, it does not
fully exploit the ROMs since a ROM is used to sim-
ulate only one trajectory despite the fact that it al-
lows for an infinite number of trajectories, each cor-
responding to a different initial reduced state ̂̃xi(0).
The basic idea of the subspace-exploiting strategy is
to locate a trajectory in the subspace that is “nearest”
to the true CSS, and at the same time, cheap to com-
pute. Therefore, a reasonable choice is the pseudo-
CSS proposed in §3.1. To compute the pseudo-CSS,
the integration method can also be used as is shown in
Fig. 4, similar to CSS computation of the FOM. Since
building ROMs is computationally much more expen-
sive than simulating ROMs, the subspace-exploiting
is expected to be efficient because it uses more ROM
simulations to fully exploit the subspaces, and build
new ROMs only when it cannot be avoided. We de-
scribe its working flow in Algorithm 2.
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Figure 4: Using the integration method to compute the pseudo-
CSS, where we use the original system (2) other than the shifted
system (23) for a simpler illustration.

Algorithm 2 The inner loop of the subspace-
exploiting method in computing the pseudo-CSS w.r.t.

colspan{Vi}. It is an alternative of Step 3 in Algo-
rithm 1. The notation used in Algorithm 1 is inherited.

1. Initialization. Build the i-th ROM Σ̂i of the
form (21) using either one of the subspace (24)
or (27), for which the columns of Vi serve as or-
thonormal basis vectors. Set ̂̃xi,1(0) = 0, wherễxi,j represents the state vector of the ROM at the
j-th inner iteration. Choose a stopping criterion
ε
(i)
PCSS > 0, and set j = 1.

2. Evolution. Use Σ̂i to simulate ̂̃xi,j(t) from t = 0
to t = te.

3. Switching. Compute the “ideal” initial condi-
tion of the next iteration ϕ(Vî̃xi,j(te) + x̊i(0)).

4. Projection. Project the “ideal” initial condi-
tion onto the subspace Vi, whose coordinate iŝ̃xi,j+1(0) = V ∗i

(
ϕ
(
Vî̃xi,j(te) + x̊i(0)

)
− x̊i(0)

)
.

5. Stopping test. If ‖̂̃xi,j+1(0) − ̂̃xi,j(0)‖ ≤ ε
(i)
PCSS,

stop; otherwise, set j = j + 1 and go to step 2.

Throughout the inner loop, the shift x̊i(0) and the
subspace Vi are constants. In general, the true state
vector is approximated by

xi,j(t) ≈ Vî̃xi,j(t) + x̊i(0). (28)

The first inner iteration evolves from the zero initial
condition and the trajectory is identical to that in the
straightforward method. At convergence, Vî̃xi,j(0) +
x̊i(0), the initial state approximation of the i-th stage,
is close to Vî̃xi,j+1(0) + x̊i(0) = ViV

∗
i ϕ
(
Vî̃xi,j(te) +

x̊i(0)
)
, the initial state approximation of the (i+ 1)-st

stage after projection. Therefore, if Algorithm 2 con-
verges, it must converge to the pseudo-CSS.

4 NUMERICAL RESULTS

Here we use an optimization problem of an SMB pro-
cess reported by Araújo, Rodrigues, & Mota (2006)
to test our proposed methods. The SMB process can
be described in the form (2). In this problem, we
maximize the feed flow-rate QF by choosing the pa-
rameters p = [QI,QII,QIII,QIV, t

e]T ∈ R5, where QI–
QIV represent the flow-rates in the four zones, and te
denotes the switching period. The optimization con-
straints are: 1) the purities of the products, which can
be computed from xi(t) in (2), must reach at least the
minimal acceptable purities; 2) some physical con-
straints must be also satisfied. For more details, see
Li, Yue, Feng, Seidel-Morgenstern, & Benner (2014).

The numerical results in Table 1 show that us-
ing the proposed MOR methods significantly accel-
erates CSS optimization of the SMB process, and



Table 1: Comparison of optimization results computed by ROMs and the FOM.

Model Order CPU time QI QII QIII QIV te QF SF
FOM 672 88.23 30.000 21.279 25.894 18.397 5.828 4.6152 –
SROM 50 42.70 30.001 21.260 25.877 18.431 5.834 4.6164 2.07
SROM+S1 75+5 6.23 30.000 21.275 25.880 18.446 5.828 4.6050 14.16
SROM+S2 50 5.28 30.001 21.258 25.877 18.413 5.834 4.6188 16.70
SROM+S1+S2 75+5 4.78 30.000 21.262 25.870 18.416 5.831 4.6086 18.45

SROM stands for the straightforward method, S1 for the partial-update strategy, S2 for the subspace-exploiting strategy and
SF for the speedup factor. The units for QI, QII, QIII, QIV and the objective QF are all ml/min. The units for CPU time and the
period te are minutes. For the partial-update strategy, we specify both k1 and k2 for the model order. All computations were
performed on a Linux machine with an Intel 3.0 GHz processor and 2 GB RAM, and the code was implemented in Fortran 90.

at the same time achieves high accuracy. Unlike the
subspace-exploiting strategy, the partial-update strat-
egy requires a higher ROM order to reach similar
accuracy. Both strategies further speed up CSS op-
timization, and the subspace-exploiting strategy turns
out to be more efficient. When the two strategies are
combined, we achieve the best speedup. In this com-
bined case, since the partial-update strategy leads to
cheaper ROM generation and a bit more expensive
ROM simulation due to a higher ROM order, fur-
ther applying the subspace-exploiting strategy does
not result in a so significant speedup. However, when
we deal with larger-scale FOMs, this further speedup
should be more significant.

5 CONCLUSIONS

This paper proposes a straightforward method along
with two strategies to speed up the analysis of multi-
stage linear dynamical systems. The straightforward
method applies to general time-triggered systems and
can speed up both transient and CSS analyses. It actu-
ally extends easily to stage-triggered multi-stage sys-
tems. Besides, we proposed two strategies especially
for the analysis of multi-stage linear dynamical sys-
tems with stage-independent governing differential
equations and transition functions. The partial-update
strategy can be used for both transient and CSS anal-
yses, but it can only be combined with Krylov-type
MOR methods. The subspace-exploiting strategy can
be combined with any projection-based MOR meth-
ods, but it can only be used for CSS analysis. When
we use Krylov-type MOR methods to speed up CSS
analysis, the two strategies can be freely combined to
result in an even better speedup.
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